Abstract-In this note, the presence of impulsive responses in descriptor systems and how it relates to impulse controllability and impulse observability is considered. It is shown that the equivalence between impulse controllability (observability) and the existence of an impulse eliminating semistate feedback (output injection) gain, although true for square descriptor systems, does not hold for rectangular descriptor systems in general. Hence, necessary and sufficient conditions for the existence of an impulse eliminating semistate feedback (output injection) gain are presented.
I. INTRODUCTION
Descriptor systems provide a more natural description of dynamical systems than the standard state-space systems [4] , [12] , [13] , [15] , [20] . They have many important applications in, for example, circuit systems [16] , robotics [14] , and aircraft modeling [18] . However, descriptor systems may present impulsive responses and lack of uniqueness in the solutions. In engineering systems, impulses may cause degradation in performance, damage components, or even destroy the system. Therefore, impulsive behavior is undesirable and its elimination is an important issue in control system design. For regular square descriptor systems it is well known that impulse controllability is equivalent to the existence of an impulse eliminating semistate feedback gain [3] , [5] - [7] , [12] . Also, by duality, impulse observability assures the existence of an impulse eliminating output injection gain. Many characterizations of impulse controllability and impulse observability have been provided for regular descriptor systems during the last decade [2] , [3] , [6] , [7] , [12] , [19] . A simple sufficient condition for impulse uncontrollability and impulse unobservability is given in [11] . Extensions for more general nonregular and rectangular descriptor systems have been considered more recently [8] - [10] . In particular, [10] presents a rank condition of impulse observability for regular descriptor systems that remains valid for arbitrary descriptor systems. Although many equivalent test conditions of impulse controllability (observability) for regular descriptor systems still remain valid for general rectangular descriptor systems, in this article we show that the equivalence between impulse controllability (observability) and the existence of an impulse eliminating semistate feedback (output injection) gain is lost. Hence, necessary and sufficient conditions for the existence of an impulse eliminating semistate feedback (output injection) gain are presented. An interesting feature for general nonsquare systems is that these conditions are not dual. This paper is organized as follows. Section II contains basic definitions and some tests for impulse controllability (observability); in particular, we extend the tests of impulse-free regular systems to the general case and present an impulse controllability condition valid for the general case. In Section III, we present necessary and sufficient conditions for the existence of an impulse eliminating semistate feedback (output injection) gain. The conclusion is given in Section IV. 
II. IMPULSE-FREE SYSTEMS, IMPULSE CONTROLLABILITY AND OBSERVABILITY
To determine and compare the rank conditions for the existence of semistate feedback and output injection matrices in Section III, a brief discussion about descriptor systems is presented. We consider linear, time-invariant systems described by differential equations of the form
5:
E _ x(t) =Ax(t) + Bu(t) Ex(0 0 ) = Ex 0
(1) Allowing distributions as possible forcing functions u(t) and solutions x(t) [9] , and using Laplace transform, it is easy to show the following solvability characterizations (for simplicity, no new notation for the Laplace transform of u is introduced): S1) the pair (x(0 0 ); u) is admissible if and only if [10] Solvability characterizations regarding unicity or other classes of inputs and initial conditions are also possible (see, e.g., [8] and [9] ).
When it is convenient, we can assume without loss of generality that 5 is in the SVD coordinate system [3] U EV = 6 0 0 0 U AV = A 11 A 12
A 21 A 22
where 6 is a nonsingular matrix with rank r, and U and V are orthogonal matrices.
In the following, we consider the non existence of impulsive responses and its characterization. [0; 1) for all admissible initial conditions x0, i.e., there exists no free response of the form x(t) = v(t), with v 6 = 0; v 2 n . The theorem below follows directly from Definition 1 and extends the results for regular descriptor systems in [3] , [7] , [19] Now, as m n, it is clear that rank[ 0 E
E A ] = n + rankE if and only if A22 either has full column rank or vanishes.
Remarks:
1) For square systems, m = n, condition 5) is reduced to A22 nonsingular, which is the condition given by [3] . Additionally, the condition 6) is reduced to the result of [7] . Note, however, that the proof of [7] depends on the Weierstrass form and is valid only for regular systems. Here, the regularity assumption is not necessary. 2) For regular descriptor systems, the nonexistence of impulsive modes is equivalent to the nonexistence of free responses with impulsive behavior [3] , [7] , [19] . However, for general descriptor systems, this equivalence does not hold. In fact, the non existence of impulsive modes [10] is not sufficient to assure non existence of impulsive responses. This can be easily seen noting that in Theorem 1 of [10] we may have the presence of (E ; A ) subsystems when the system is in its Kronecker form. These subsystems have infinite many solutions, including impulsive ones.
3) For general nonsquare systems, the condition m n is necessary for the nonexistence of impulsive responses. The lack of symmetry of this condition leads to the lack of duality between the conditions of existence of an impulse eliminating semistate feedback gain F and the conditions of existence of an impulse eliminating output injection gain L (see Section III). The following extension of the impulse observability concept for regular descriptor systems (as presented in, e.g., [19] ) to general descriptor systems is considered in [10] .
Definition 2: System 5 with u(t) 0, or the triple (C; E; A), is impulse observable if y(t) is impulse free for t 0, only if x(t) is impulse free for t 0. In other words, there exists no free response of the form x(t) = v(t); 0 6 = v 2 n such that y(t) = 0; t 0.
The theorem below follows directly from Definition 2. The proof is omitted because it is very similar to the proof of Theorem 1. Using the same arguments of the proof of Theorem 1, we have an alternative proof to [10] for the equivalence 1) , 6). In 6), the condition m + p n is redundant as occurs in 6) of Theorem 1. This condition is presented once it is useful as a simple necessary test for impulse observability. In fact, from 6) of Theorem 1 and 6) of Theorem 2, it is easy to see that we may have an impulse observable system (E; A; C) (and so m + p n) where m < n, i.e., where we cannot find L such that (E; A+LC ) is impulse-free. An example is given by the following system: The following impulse controllability definition for general descriptor systems is taken from [9] .
Definition 3: System 5, or the triple (E; A; B), is impulse controllable if for every initial condition there exist a smooth (impulse-free) control u(t) and a smooth state trajectory x(t) solution of (1). where p is the distributional derivative defined in [9] . As x1 is a smooth solution of (3) 
is a smooth trajectory of (3) and (4) for a smooth input u for each x 1 (0 0 ) and x 2 (0 0 ).
Note that, for general rectangular descriptor systems, impulse controllability is not the dual of impulse observability, i.e., (E T The other equivalences can be proved similarly as in Theorem 1.
As in 6) of Theorem 2, in 6) of Theorem 4, condition n + q m is redundant. This condition is presented once it is useful as a simple necessary test for impulse controllability. Condition 4), as a characterization of impulse controllability for rectangular descriptor systems with [E A B] full-row rank, is presented in [9] . The other equivalent conditions presented in Theorem 4 are consistent with the corresponding results for regular systems. For regular systems, condition 2) for impulse controllability is indicated in [19] (it is the dual of their impulse observability characterization); condition 5) is presented in [3] , and condition 6) is presented in [7] . However, even with [E A B] full-row rank, we cannot affirm that all characterizations of impulse controllability for regular systems remain valid for general rectangular systems. In the next section, we show that impulse controllability and the existence of an impulse eliminating feedback gain are not equivalent.
III. MAIN RESULTS
In this section, we present necessary and sufficient conditions for the existence of semistate feedback and output injection matrices such that the closed-loop system is impulse-free. It will be clear that, in general, these conditions are not equivalent to, respectively, impulse controllability and impulse observability conditions. Also, these conditions are not dual. This theorem shows that the well-known equivalence result for regular systems [6] , [7] , [19] 2) , 3): Follows using the same arguments of the proof 5) , vi) in Theorem 1.
Using the simple conditions on m and n in the above theorems, it is easy to see that with regard to the existence of an impulse eliminating semistate feedback gain and impulse controllability, we may have the following cases. 1) 9 F such that (E; A + BF ) is impulse free and the system (E; A; B) is impulse controllable.
To give an example, suppose that m = n. Theorem 6 shows that the well known result for regular systems [6] , [7] , [19] has full-row rank).
IV. CONCLUSION
The need for impulse eliminating semistate feedback and output injection matrices arises in many practical situations in controller design. In this note, we have given rank test characterizations for the existence of these matrices. In general cases, these conditions are not dual and differ from the notions of impulse controllability of [9] and impulse observability of [10] .
